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Abstract:In this paper，linear maps preserving * -congruence are discussed． The results we obtained are as
follows:Let H be a complex infinite dimensional Hilbert space． By B(H) ，S(H)we denote the Banach alge-
bra of all bounded linear operators on H and the real linear subspace of all self-adjoint operators on H ． It is
proved that a bounded linear surjection Φ:S(H →) S(H)preserving * -congruence in both directions if and
only if there exists invertible element A∈ B(H)such that Φ(T)= AT A* for all T∈ S(H)．
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0 Introduction
Among the preservers of relations，similarity preserving linear maps were studied a lot． In 1987，Hiai char-
acterized all linear mappingsΦ onMn(C)，the algebra of all complex n × n matrices，that preserve similarity
［1］．
This means that if T and S are similar(S = ATA－1 for some invertible matrix A)，thenΦ(T)andΦ(S)are similar
as well． Later Lim． Li and Tsing improved and extended his result ［2，3］． Similarity preserving mappings on infi-
nite dimensional operator spaces was treated by Ji，Du，Petek［4 ～ 7］． Beside linear mappings，additive and even
nonlinear mappings were also discussed and the similarity preserving property were replaced by a weaker assump-
tion of asymptotic similarity preserving ［8 ～ 10］． Hiai，Li and Tsing studied not only similarity preserving mapping，
but also * -congruence preserving ones on finite dimensional case． Our aim is to extend some of their results to
infinite dimensional case．
In［2］，Li and Tsing showed that linear map preserving * -congruence on the real linear subspace of n × n
hermitian matrices have nice structures． Motivated by this paper，our aim in this paper is to extend their result to
S(H) ，the real linear subspace of all bounded self adjoint operators on an infinite dimensional complex Hilbert
space H．
Let H be a complex infinite dimensional Hilbert space． By B(H) ，S(H) ，F(H) ，Fs(H)and F0 (H)，
we denote the Banach algebra of all bounded linear operators on H，the real linear subspace of all self-adjoint op-
erators on H，the ideal of all finite rank operators，all finite rank self-adjoint operators of B(H)and the space of
all trace zero finite rank operators，respectively． For x∈H，［x］denotes the complex one dimensional linear sub-
space spanned by x． Let S，T∈S(H) ，T ～* S means that S is * -congruence with T，that is，there exists an in-
vertible operator A∈ B(H) ，such that S = ATA* ． For T∈ S(H)，S* (T)denotes the * -congruence orbit of
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T，i． e，S* (T)= {ATA
* :A∈B(H)is invertible}． A subspaceMB(H)is said to be a * -congruence in-
variant if S* (T)M for every T∈M． A linear mapping Φ on S(H)is said to be * -congruence preserving
if T ～* SΦ(T) ～* Φ(S)． We say that Φ preserves * -congruence in both directions if T ～* SΦ(T) ～*
Φ(S)． If x，y∈ H are nonzero vectors，then x y stands for a rank one operator defined by →u 〈u，y〉x． Note
that every rank one operator can be expressed in this way and x y is self-adjoint if and only if y = λx，λ∈ Ｒ．
x y is a nilpotent operator if and only if〈x，y〉= 0． Further，the linear span of all rank one nilpotent operators
is F0 (H)． For an operator T∈ B(H) ，Ｒ(T)stands for the range of T． The following is our main result．
1 Main Ｒesult
Theorem 1 Let H be an infinite dimensional complex Hilbert space，Φ:S(H →) S(H)be a continuous
linear surjection preserving * -congruence in both directions，then there exists a invertible operator A∈B(H)
such that Φ(T)= ATA* ，for all T∈S(H)．
To prove our main theorem，some lemmas are needed．
Lemma 1 Let M be a * -congruence invariant real linear subspace of S(H) ，then MF s(H)．
Proof Note that if M is a * -congruence invariant real linear subspace of S(H) ，then M + iM is a
* -congruence invariant complex linear subspace of B(H)． Indeed，for any operator T∈M + iM，there exist
T1，T2 ∈M such that T = T1 + iT2 ． Taking any invertible operator A∈B(H) ，then AT A
* = A(T1 + iT2)A
*
= AT1A
* + iAT2A
* ． SinceM is * -congruence invariant，we have AT1A
* + iAT2A
* ∈M + iM． Furthermore，
it is easy to see M is a complex linear subspace． Thus M + iM is a * -congruence invariant complex linear
subspace on B(H)． In order to prove MF s(H) ，we need only to show M + iMF s(H)． Firstly，we
will showMF 0(H)． Note that all rank one nilpotent operators in B(H)are * -congruence with each other，
it is enough to show that M + iM has a rank one nilpotent operator． Let P∈B(H)be any projection (P =
P* = P2) ，then U = P + i(I － P)is a unitary operator． For any A ∈M + iM，the commutator［P，A］ =
U* AU － UAU*
2i ，So［P，A］∈M + iM． Note that every operator of B(H)can be represented as the linear
combinations of finite projection operators． Thus for any B∈B(H) ，［B，A］∈M + iM． Clearly，M + iM≠
CI，there exists A∈M + iM and x∈ H such that Ax and x are linearly independent． Then for any vector y0∈
H，B = Ax y0 － x A
* y0 = ［A，x y0］∈M + iM． Choosing x0，z∈ H with〈x0，y0〉=〈x0，A
* y0〉=
〈x，z〉= 0 and〈Ax，z〉= 1． A straightforward computation gives x0  y0 =［x0  z，B］∈M + iM． Let e1，
e2 are two orthonormal vectors of H and α∈ Ｒ，from the above，we have
αe1  e1 － αe2  e2 ∈M + iM
that is
Ｒ =
α 0 0
0 － α 0

0 0 0
∈M + iM
according to the space decomposition［e1］［e2］［e1，e2］⊥ ． Let A =
2 0 0
0 i 0

0 0 1
according to the same space
decomposition． Then
AＲA* =
4α 0 0
0 － α 0

0 0 0
∈M + iM
and so
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AＲA* － Ｒ =
3α 0 0
0 0 0

0 0 0
∈M + iM
Thus M + iM contains scalar multiple of rank one projection． Note that all rank one projections are * -congru-
ence with each other ，we have M + iM contains all rank one projections． Combining F(H)is linear spanned
by all rank one projections gives M + iMF(H)．
Lemma 2 Let T∈ Fs(H) ，then the following conditions are equivalent
(i)T is rank one．
(ii)for every N∈ S* (T) ，if there exists γ∈ Ｒ such that N + T is * -congruence with γT，then N is real
scalar multiple of T．
Proof It is obviously that (i)(ii)． In order to show that the conditions are also sufficient we assume
that T is not rank one，we will find N∈ S* (T)with N + T ～
* T，but N is not a scalar multiple of T． Note that for
T∈ Fs(H) ，ker(T)⊥ = Ｒ(T
* )=Ｒ(T)=Ｒ(T) ，so H = ker TＲ(T)． Choosing an eigenvector of x
∈Ｒ(T)with nonzero eigenvalue α．
Then T has following matrix form
T =
0 0 0
0 α 0
0 0 T

3
according to the space decomposition H = ker T［x］(Ｒ(T)［x］)． Let
A =
a1 0 0
0 a2 0
0 0 a

3
| a2 |≠| a3 |，a1，a2，a3 ≠ 0
and
N = AT A* =
0 0 0
0 | a2 |
2α 0
0 0 | a3 |
2T

3
∈ S* (T)
Obviously，N is not a real multiple of T． But
N + T =
0 0 0
0 (1 +| a2 |
2)α 0
0 0 (1 +| a3 |
2)T

3
= BT B* ～* T
where B =
a1 0 0
0 1 +| a2 |槡 2 0
0 0 1 +| a3 |槡

2
．
Lemma 3 Let P∈B(H)be non-trivial projection(P = P* = P2)． If for B∈ S(H)the following holds
true
P + F ～* PB + F ～* B for every F∈ F s(H)
then there exist α，μ∈ C such that B = α P + μI．
Proof Let us choose a unit vector e∈Ｒ(P)and write B in operator matrix form according to the space
decomposition H =［e］［e］⊥，B =
b11 B12
B*12 B( )22 ，b11 ∈ C，Let Uβ = β 00( )I ，β≠ 1，be a invertible operator．
A simple computation shows
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UβBU
*
β = B +
| β | 2b11 － b11 (β － 1)B12
(β － 1)B*12

0 = B + F
Where F =
| β | 2b11 － b11 (β － 1)B12
(β － 1)B*12

0 ∈ F s(H)．
Since P + F is * -congruence with P，i． e，there exists invertible operator A∈ B(H)such that P + F =
APA* ． Thus P + F is a positive operator，i． e，for any x ∈ H，〈(P + F)x，x〉≥ 0． In the following，we will
prove B12 | kerP = 0，B12 | Ｒ(P)e = 0． Firstly，we prove that B12 | ker p = 0． Suppose there exists x1 ∈ ker P such
that B12x1 ≠ 0，then for any complex number λ，B12λx1 ≠ 0． Let x = e + λx1 =
e
λx( )1 ，then Px = Pe = e =
e( )0 ，and
(P + F)x = e( )0 + (| β |
2b11 － b11)e + (β － 1)B12λx1
(β － 1)B*12

e
So
〈(P + F)x ，x〉= 1 +| β | 2b11 － b11 + 2Ｒ e〈(β － 1)λB12x1，e〉≥ 0 (1)
where Ｒe〈(β － 1)λB12x1，e〉denote the real part of〈(β － 1)λB12x1，e〉． Obviously，b11 is a real scalar． If b11
＜ 0，let →β ∞ in (1) ，a contradiction;If b11≥ 0，using the arbitraries of λ，(1)can also lead to a contradic-
tion，Therefore B12 | ker p = 0． Similarly，we can prove B12 | Ｒ (P)e = 0． Thus
B =
b11 0
0 B( )22
and so Be = bee，be∈ C，for every e∈Ｒ(P) ，and the restriction of B to Ｒ(P)is thus a scalar operator． The
verification that the restriction of B to ker(P)is also scalar is analogous and will be omitted．
2 Proof of the Main Theorem
Now we are in a position to give the proof of our main result．
Proof of Theorem 1 We finish the proof by checking several claims．
Claims 1 There exists invertible operator A∈B(H)and real number λ≠0 such that Φ(x x)= λAx
 xA* ．
It is easy to verify Φ is injective，so Φ is bijective． Let T∈Φ －1 (F s(H) ) ，and S ～
* T，Since Φ preserves
* -congruence，we have Φ(S)～* Φ(T)． Combining Fs(H)is a * -congruence invariant real linear subspace
gives Φ(S)∈F s(H) ，i． e．，S∈Φ
－1(Fs(H) )． SoΦ
－1(Fs(H) )is a * -congruence invariant real linear sub-
space． By lemma 1，Φ －1 (Fs(H) )Fs(H) ，that is Φ (Fs(H) )Fs(H)． Since Φ and Φ
－ 1 has the same
property，Similarly，we can get Fs(H) Φ
－1 (Fs(H) )． Thus Φ(Fs(H) )= Fs(H)． Let T∈Fs(H)be rank
one operator，we will prove Φ(T)is also rank one． By the above，we know Φ(T)∈Fs(H)． For N ∈S* (Φ
(T) )with N + Φ(T)～* γΦ(T)． Thus Φ －1(N)∈S* (T)such that Φ
－1(N)+ T ～* γ(T) ，by (i)(ii)of
Lemma 2，we have Φ －1(N)is a scalar multiple of T and thus N is also scalar multiple of Φ(T)． Therefore，
Φ(T)satisfies the condition of (ii)of Lemma 1 and must be a rank one operator． SinceΦ andΦ －1 has the same
property，we have Φ preserves rank one operator in both directions． By［4］，there exists an invertible operator
on H and non zero real number λ such that Φ(x  x) = λAx  Ax． Since Φ is bounded，we know A is also
bounded and thus Φ(x x)= λAx xA* ．
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Define Ψ:S(H →) S(H)by Ψ(T)= λ －1A－1Φ(T)(A－1)* ． Obviously，the bounded linear surjection Ψ
still preserves * -congruence in both directions． Thus without loss of generality we may assume Ψ(T)= T for ev-
ery rank one self adjoint operator． Since every self adjoint finite rank operators is a finite sum of finite rank one
self adjoint operators． Thus for any T∈Fs(H)，Ψ(T)= T． To complete the proof of Theorem 1，it is sufficient
to show Ψ(T)= T for all T∈S(H)．
Claim 2 Ψ(T)= T + δTI for every T∈S(H)，δT ∈Ｒ．
Using Lemma 3，we get Φ(P)= μpP + δp I for every non trivial projection． Let P，Q be projections with PQ
= QP = 0，then Φ(P + Q)= μp+Q(P + Q)+ δP+QI，and Φ(P)+ Φ(Q)= μpP + δPI + μQQ + δQI． So μp+Q
= μp = μQ，δP+Q = δP + δQ． For rank one projection x x，we have Φ(x x)= x x and thus Φ(P)= P
+ δPI for any projection P∈S(H)． By spectral theorem，we have Ψ(T)= T + δTI for every T∈S(H)，δT ∈
Ｒ．
Claim 3 Ψ(T)= T for every T∈S(H)．
Let projections P，Q∈B(H)with P + Q = I (I is the identity operator on H)． By claim 2，there exists non
zero real number λ0 such that Ψ(T)= λ0 I． We assert that λ0 ＞ 0． Otherwise，for every operator T ＞ 0，I ～
* T
implies Ψ(I)～* Ψ(T)＜ 0． Let P be a rank one projection，from the above，we know Ψ(1 + nP)= λ0 I +
nΨ(P)= λ0 I + nP ＜ 0 holds for every positive integer，a contradiction． Now，it is easy to see that T ＞
SΨ(T)＞ Ψ(S)holds whenever T，S∈S(H)． If T － S≥0 ，then T － S + 1n I ＞ 0 and thus Ψ(T)－ Ψ(S)
+
λ0
n I ＞ 0． Letting n∞，thus Ψ(T)－ Ψ(S)≥ 0． Since Ψ and Ψ
－1 has the same property，we can get T － S
≥ 0Ψ(T)－ Ψ(S)≥ 0． Therefore Ψ:S(H →) S(H)is a order preserving map． By［11］，there exists an
operatorX∈S(H)and an invertible bounded either linear or conjugate linear operator A: →H H such that Ψ(T)
= ATA* + X for all T∈ S(H)． Combining Ψ(0)= 0 and Ψ is identity on FS(H)yields the desired conclu-
sion．
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S(H)上保* -同构的线性映射
冯文文1，杜拴平2，侯晋川3*
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摘 要:本文讨论了 S(H)上保 * -同构的线性映射．主要结论为:令 H是复的有限维希尔伯特空间．我
们记B(H)为H上的所有有界线性算子构成的 Banach代数、S(H)为H上的所有自伴算子构成的实线性子空
间，则有:为 S (H)到 S(H)的双边保 * -同构的有界线性满射当且仅当存在B(H)上的可逆元 A使得对所
有 T∈ S(H)有 (T)= ATA* ．
关键词:* -同构;保持;线性映射
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